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We show that the entanglement cost of all mixed antisym-
metric states of two three{level systems is 1 ebit. This implies
that for all those states the entanglement of formation is ad-
ditive. Our results also provide an alternative proof of the
irreversibility in local asymptotic manipulations of entangle-
ment.
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Developing a theory of entanglement is considered a
priority in the eld of quantum information, where quan-
tum correlations are a precious resource for information
processing [1]. In particular, the quest for proper entan-
glement measures has received much attention in recent
years [2]. From the identication and study of proper-
ties of such measures a gain of insight into the nature
of entanglement is expected. In turn, their computation
for particular states provides us with an account of the
resources present in those states.
Two measures of entanglement stand out due to their
physical meaning. Both of them refer to the possibility
of transforming entangled states of a bipartite system by
means of local operations and classical communication
(LOCC). The distillable entanglement [3,4] Ed(ρ) quan-
ties how much pure-state entanglement can be extracted
from ρ. More specically, it gives the ratio M/N in the
large N limit, where M is the number of ebits [i.e. entan-
gled bits, or (pure) maximally entangled states of a two-
qubit system] that can be distilled from the state ρ⊗N
using LOCC. The entanglement cost [3,5] Ec(ρ) quan-
ties, in turn, the amount of pure-state entanglement
needed to create ρ. It is dened in the limit of large N as
the ratio M/N , where M is the number of ebits required
to prepare ρ⊗N using LOCC.
The outputs produced so far by entanglement the-
ory concerning these two entanglement measures include,
among others, the following remarkable results:
(i) All forms of bipartite pure-state entanglement are
equivalent in the asymptotic limit [6], in the sense that
for large N and any bipartite pure state jψi, jψi⊗N can
be reversibly converted into ebits. Thus, for pure states
Ed(ψ) = Ec(ψ). In addition, the resulting unied mea-
sure, called the entropy of entanglement E(ψ), is known
to be given by the von Neumann entropy of the reduced
density matrices of jψi.
(ii) Two forms of bipartite entanglement, namely free
and bound entanglement [7], have been identied for
mixed states. The rst form corresponds to mixed states
that can be distilled, i.e. Ed > 0. Bound entangled states
were dened as those that cannot be distilled into pure-
state entanglement, i.e. Ed = 0, in spite of the fact that
they cannot be produced [in the non-asymptotic regime]
by just mixing product (i.e. unentangled) pure states.
(iii) Contrary to the pure-state case, the asymptotic
manipulation of some mixed entangled states is irre-
versible [8]. This follows from the gap observed between
the distillable entanglement and the entanglement cost,
Ed < Ec, for some mixed states. This phenomenon oc-
curs both for bound entangled states [8] and distillable
ones [9].
Al these results for mixed states are mainly qualita-
tive [10]. In particular, the entanglement cost has not
been computed for any mixed state. This problem is re-
lated to the one of the additivity of the entanglement of
formation Ef (ρ) [3,12], an auxiliary measure of mixed-
state entanglement that quanties the pure-state entan-
glement |as measured by the entropy of entanglement
E| required to create a single copy of ρ. In particular,
it is not known whether Ef (ρ⊗2) = 2Ef (ρ), which by
iteration would imply that Ec = Ef .
In this paper we compute the value of the entangle-
ment cost of some class of mixed states of a two three-
level system. This is the rst reported determination of
such a measure. Furthermore, we will discuss the con-
sequences of our results in some other relevant problems
in the eld of Quantum Information. In particular, we
will show that they provide an alternative proof for the
irreversibility character of asymptotic entanglement ma-
nipulations. We will also show that for the class of states
considered here, the entanglement of formation is addi-
tive, even if the states are dierent.
Let us consider a density operator ρ describing the
state of two systems A and B, with corresponding Hilbert
spaces HA and HB. If we can write
ρ =
∑
k
pkjΨkihΨkj, (1)
where jΨki 2 HA ⊗ HB, pk > 0, and
∑
k pk = 1, then
we say that d(p,Ψ)  fpk,ΨkgNk=1 is a decomposition
of ρ. Physically, Eq. (1) means that ρ can be prepared
by mixing the states jΨki with probabilities pk. Note
that all jΨki 2 R(ρ), i.e. must be in the range of ρ.
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Denoting by D the set of all possible decompositions of
ρ, the entanglement of formation of ρ is dened as
Ef (ρ)  inf
D
∑
k
pkE(Ψk), (2)
where E(Ψ) is the entropy of entanglement of Ψ, i.e.,
the von Neumann entropy of the corresponding reduced
density operator. The entanglement of formation, thus,
measures the price, in terms of pure-state entanglement,
to be paid to create a single copy of the state ρ by mixing
pure states, provided the price of the pure states is mea-
sured by the entropy of entanglement. Note that this last
quantity acquires a well-dened meaning in the so{called
asymptotic limit, i.e. when we have at our disposal an
arbitrarily large number of entangled pure states. Thus,
a more sensible denition of the entanglement cost of the
state ρ is given by [3,5]
Ec(ρ)  lim
N!1
Ef (ρ⊗N )
N
. (3)
The physical meaning of this quantity is then clear: if we
create an arbitrarily large number of copies of ρ, Ec(ρ)
gives the price per copy.
Despite several eorts [12], there is no know example of
a mixed state ρ for which one can calculate Ec(ρ) [13]. In
the following we will show that if HA = HB = IC3 and σ is
antisymmetric (i.e. it is supported in the antisymmetric
subspace H−  HA ⊗HB), then Ec(σ) = 1.
We shall denote by σ a density operator describing an
antisymmetric state. One of these operators will play a
particularly important role in our analysis, namely σ− 
P−/3 where P− is the projector operator on H−, i.e.
P− =
3∑
α=1
jαiahαj, (4)
where
j0ia  1p
2
(j1i ⊗ j2i − j2i ⊗ j1i), (5a)
j1ia  1p
2
(j2i ⊗ j0i − j0i ⊗ j2i), (5b)
j2ia  1p
2
(j0i ⊗ j1i − j1i ⊗ j0i). (5c)
The density operator σ− describes a totally mixed state
in the antisymmetric subspace H−.
In order to study the entanglement properties of σ−,
it is convenient to consider the depolarization map D,
dened through the following action
D(X)  P−
3
tr[P−X ] +
P+
6
tr[P+X ], (6)
where P+ = 1l − P− is the projector on the symmetric
subspace of HA ⊗HB. This linear map clearly preserves
the trace and can be implemented physically using lo-
cal operations and classical communication [3] (LOCC);
in particular, by applying the same random unitary op-
erator to system A and system B. Note also that D⊗N
acting on N copies is also trace{preserving and can also
be implemented using LOCC.
With the help of D, now we show that for any Ψ 2
H⊗N− and σ supported on H−
E(Ψ)  Ef (σ⊗N− ), (7a)
Ef (σ⊗N )  Ef (σ⊗N− ). (7b)
Firstly, using the fact that Ef cannot increase by trace{
preserving LOCC [2,12], and in particular by D⊗N , we
have
E(Ψ) = Ef (Ψ)  Ef (D⊗N (jΨihΨj) = Ef (σ⊗N− ), (8)
where we have used that D⊗N (jΨihΨj) = σ⊗N− . Secondly,
if d(p,Ψ) is a decomposition of σ⊗N then each Ψk 2
R(σ⊗N ) = H⊗N− and therefore
Ef (σ⊗N ) 
∑
k
pkE(Ψk) 
∑
k
pkEf (σ⊗N− ) = Ef (σ
⊗N
− ),
(9)
where in the last inequality we have used (7a).
Let us start by showing that Ef (σ⊗N− ) = N , from
which it automatically follows that Ec(σ−) = 1, as well as
the additivity of the entanglement of formation for σ−.
First, we show that there must exist some Ψ0 2 H⊗N−
such that Ef (σ⊗N− ) = E(Ψ0). To this aim, we consider
the decomposition fp(0)k ,Ψ(0)k g which minimizes the ex-
pression (2). We haveEf (σ⊗N− ) =
∑
k p
(0)
k E(Ψ
(0)
k ). Since
Ψ(0)k 2 H⊗N− , using (7a) we must have that E(Ψ(0)k ) =
Ef (σ⊗N− ) and therefore
Ef (σ⊗N− ) = inf
Ψ2H⊗N−
E(Ψ). (10)
Optimizing Eq. (10) is very simple for N = 1. In-
deed, any state Ψ 2 H− has E(Ψ) = 1. This can be
easily shown by considering the Schmidt decomposition
and imposing it to be antisymmetric, i.e.,
3∑
k=1
skjvki ⊗ juki = −
3∑
k=1
skjuki ⊗ jvki, (11)
where s1  s2  s3  0, which implies s1 = s2, s3 = 0.
In fact, since for any antisymmetric state σ the vectors
appearing in its decomposition must belong to H− we
have that
Ef (σ) = 1. (12)
For N > 1 one cannot use this method to determine
the entanglement of formation for σ⊗N even for σ⊗N− [14].
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In the following we will attack this problem with some
powerful tools based on completely positive maps. We
consider an arbitrary Ψ 2 H⊗N− , determine the reduced
density operator ρ  trB(jΨihΨj), and then show that
S(ρ)  N . Since in particular, taking jΨi = j0i⊗Na [cf.
Eq. (5a)] gives S(ρ) = N we have that Ef (σ⊗N− ) = N .
We expand jΨi in the basis (5) as
jΨi =
3∑
αk=1
Cα1,α2,...,αN jα1ia ⊗ jα2ia ⊗ . . . jαN ia. (13)
The reduced density operator can be easily determined
by using the fact that trB(jαiahβj) = [1lδα,β − jβihαj]/2;
we have
ρ = M⊗N(jψihψj), (14)
where
jψi =
3∑
αk=1
Cα1,α2,...,αN jα1i ⊗ jα2i ⊗ . . . jαN i, (15)
and the linear completely positive map M is dened
through M(X) = 12 (1ltr(X)−X).
Let us now construct an auxiliary linear map E dened
through
E(X) = 1ltr(X)− 2NM⊗N (X). (16)
This map clearly fullls: (a) tr[E(X)] = (3N −2N)tr(X);
(b) E(X)  1ltr(X); additionally, (c) it is a completely
positive map. This can be shown by checking that by
extending its action with an auxiliary system C and act-
ing on (jihj)⊗N , where ji  ∑3k=1 jkiA ⊗ jkiC , the
resulting operator is positive [15]. In fact,
(EA ⊗ 1C)[(jiAChj)⊗N ] = 1l− P⊗N , (17)
where P = 1lAC − jiAChj. According to the proper-
ties (a,b,c) we have that the spectral decomposition of
E(jψihψj) can be written as
E(jψihψj) =
3N∑
k=1
λkjϕkihϕkj, (18)
where the eigenvalues λk must fulll 0  λk  1, and
they must add up to 3N − 2N . Consequently, using (14)
and (16), we can write
ρ =
3N∑
k=1
1− λk
2N
jϕkihϕkj. (19)
On the other hand, dening the operator ρ0 =
(P12/2)⊗N , where P12 = j1ih1j + j2ih2j one has that
N = S(ρ0)  S(ρ) since the vector formed by the sorted
eigenvalues of ρ0 majorizes the one corresponding to ρ
[16]. As mentioned above, this immediately implies that
Ec(σ−) = 1.
With all these results, it is very simple to show that
the entanglement of formation is additive for any anti-
symmetric state, i.e. Ef (σ⊗N ) = NEf (σ) = N and
therefore the entanglement cost is equal to one ebit. This
follows from the following chain of inequalities
N = Ef (σ⊗N− )  Ef (σ⊗N )  NEf (σ) = N. (20)
Here, in the rst inequality we have used (7b), in the
second one we have used the subadditivity of Ef [2], and
for the last equality we have used (12).
Finally, let us point out that our results also prove the
irreversibility in local asymptotic entanglement manipu-
lation. In fact, it has been shown [11] that the distillable
entanglement of σ− is bounded above by log2(5/6), which
is strictly smaller than the entanglement cost of σ−. This
means that the cost of creating this state is strictly larger
that the entanglement that can be distilled out of it.
In conclusion, we have determined that the entangle-
ment cost of any antisymmetric state of a two three{level
system is exactly 1 ebit. This implies that the entan-
glement of formation is additive for all these states, as
well as the irreversibility in local asymptotic entangle-
ment manipulation.
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